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A field-theoretic formulation of a planar Hall-electron sys- 
tem with edges is presented and some fundamental aspects 
of the integer quantum Hall effect are studied with empha- 
sis on clarifying general symmetry-based consequences of lo- 
calization. It is shown, in particular, that the immobility 
of localized electron states and current compensation by ex- 
tended electron states, both crucial for quantization of the 
Hall conductance, are derived through the operation of mag- 
netic translation of localized electron states alone. They ac- 
tually are consequences of gauge invariance and hold under 
general circumstances with both level mixing and electron 
edge states taken into account. 
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I. INTRODUCTION 

One of the key elements in the quantum Hall effect0~El 
(QHE) is localization of electron states via disorder. The 
current-carrying properties of Hall electrons are substan- 
tially modified by localization: The localized electron 
states cease to support current. Miraculously, the surviv- 
ing extended electron states carry more current and ex- 
actly compensate for the loss due to the localized states. 
Aoki and Andcu and Prangeo identified this phenomenon 
of current compensation as a mechanism responsible for 
the exact quantization of the Hall conductance; it was 
originally noted in some specific cases (of a strong mag- 
netic field or a single impurity), but it actually holds 
under more general circumstances with level mixjiHg and 
electron edge states properly taken into account 

In view of the principal importance of this phenomenon 
of current compensation it is desirable to fully explore its 
content and implications. The purpose of the present pa- 
per is to elaborate on this point. It was shown earlierO 
for an infinite Hall-electron system that the current com- 
pensation theorem is derived through magnetic transla- 
tion of localized electron states. In this paper we present 
a refined version of our previous consideration adapted 
to accommodate the presence of sample edges, and point 
out that the symmetry principle underlying current com- 
pensation is electromagnetic gauge invariance. Special 
care is taken to treat inter-level degeneracy inherent to 
edge states. 

In Sec. II we present a field-theoretic description of 
a planar Hall system with sharp edges. In Sec. Ill we 
construct the Hamiltonians projected to each impurity- 



broadened Landau subband. In Sec. IV we study conse- 
quences of localization and give a general proof of current 
compensation. In Sec. V we present another proof within 
a linear-response treatment, which shows an interplay of 
the localized and extended states explicitly. Section VI 
is devoted to concluding remarks. 



II. FIELD THEORY OF HALL ELECTRONS 

In this section we formulate a field theory of Hall elec- 
trons in the presence of disorder. Consider electrons con- 
fined to an infinitely long strip of width L y (or formally, 
a strip bent into a loop of circumference L x ^> L y ), de- 
scribed by the Hamiltonian: 

H = J dxdy &(x, y, t) H y, t), (2.1) 
H =H + U(x,y)-eA (y), (2.2) 
H = \u{t 2 vl + (VOO/ " 1/0 - el 2 A x f), (2.3) 

written in terms of u> = eB/m, the magnetic length I = 
1/yeB and yo = p x /(eB). Here U(x,y) stands for a 
random impurity potential and the Landau-gauge vector 
potential (—By,0) has been used to supply a uniform 
magnetic field B normal to the plane. We take explicit 
account of the two edges y = ±L y /2, where the wave 
function is bound to vanish. 

We shall study the Hall effect in a static setting: 
The scalar potential Ao(y) supplies a general Hall field 
E y (y) — ~d y Ao(y) that can vary across the strip. We use 
a constant potential A x to detect the total Hall current 
J x = J dy j x (x, y, t), or more precisely, its spatial average 
(1/L X ) J dx J x , that flows in response to E y (y). 

The kinetic term H describes the cyclotron motion of 
an electron. The eigenstates of H in the sample bulk 
are Landau levels with discrete energy uj(n + ~), labeled 
by integers n = 0, 1, 2, • • ■, and y = £ 2 p x . The eigenfunc- 
tions in the presence of sharp edges are still labeled by 
N = (n, y ): 



^ N (x,y) = (x,y\N) = (2^) 



-1/2 e ixp a 



My), (2.4) 



with (f>N(y) givcni by the parabolic cylinder functions^ 
Dj / (±V / 2(j/ — y~o)/£) for electrons residing near the edges 



y = TL y /2, where y 



Vo 



'A x . Setting 0^ = at 



y = ±L y /2 fixes the energy eigenvalues 



1 



e N = ui{u n (y ) + 1/2} 



(2.5) 



as a function of yo for each n. The spectra v n (yo) are de- 
termined numerically. They rise sharply for \yo\ > L y /2, 
and recover the integer values n as yo moves to the lipte- 
rior a few magnetic lengths away from yo = ±L y /2p for 
the n = level, ^o(yo) decreases from 1 to 0.003 as yo 
moves inward from ±L y /2 by 2.5£. 
The normalized wave functions 



<?W(y) = 4> n {y~yo;yo) = My;yo), 



(2.6) 



taken to be real, depend on A x only through yo = yo + 
e£ 2 A x . They are highly localized around y ~ yo with 
spread Ay ~ 0(£), and a single-particle state (n, yo) has 
its center-of-mass at position y cm = yo — £ 2 v n ' {yo) on the 
y axis; see Eq. ( |2.9[ ) below. This y cm stays within the 
sample width [—L y /2, L y /2]. In principle, yo = £ 2 p x has 
an infinite range — oo < yo < oo, but under circumstances 
of practical interest (where the number of filled levels is 
limited) it falls in a reduced range —L y /2 < y < L y /2. 

For the description of drift motion of an orbiting elec- 
tron it is advantageous to express the electron field \& in 
terms of the eigenmodes of Ho- Note that in the basis 
\N) = |n,yo) the coordinate x has the representation 



{N\x\N') = -l 2 [8 nn ,k + (fc) w ] 5{y - y' ), 



(2.7) 



with k = -id/dyp- likewise, (N\y\N') = (y)nn'S(yo-y' ). 
[To obtain Eq. (|2.7| ) replace a; by a derivative —£ 2 k acting 

on e~ lyoX l l in (N\x,y).] Here we have introduced the 
notation 



/Ly/2 
dy(f> m {y\yo)0(t) n {y;yo) 
-Ly/2 



(2.8) 



with normalization (l) mn = S mn . 

For later convenience let us denote Y mn (y ) = 
(y-yo) mn /£ and Q mn {yo) = ~£(k) mn ; Y mn are sym- 
metric in (to, n) while Qmn are antisymmetric. They are 
completely known through the spectra v n {y~o)', see Ap- 
pendix A. Here we quote only the following: 



Y nn = (y - yo)nn/£ = -£v n \yo), 

Y rnn — (J mn £ \ l^m V n I ^ j\{ym ~ ^n) 

Qmn = i Y mn /(is m - v n ) (m ^ n), 



(2.9) 
(2.10) 
(2.11) 



where v n = v n {yo) and v n ' = d yo v n (yo); the overall sign 
a mn = 1 for y ~ +L y /2 while a mn = (-1)!+™+™ for 
yo ~ —Ly/2. The special case v m — v n = ±1 arises only 
in the sample interior |yo| < L y /2 — 0(£), where Y mn and 
Qmn are reduced to constant hermitian matrices given by 



y(bulk) , • ^(bulk) Jq7,X 



(2.12) 



With the expansion of the electro n fie ld ^(x, y,t) = 
^2 N ipN(x,y) ajv(t), the Hamiltonian (2.1) is rewritten as 



/oo 
dyo ^2 a L(yo,t) H mn a n (y ,t), (2.13) 
™ ^ — n 



where we have set a^it) — ► a n (2/0 1 £)■ The matrix Hamil- 
tonian H mn is given by 

H mn = 5 mn uj{v n (yo) + l/2} 

+ [U(yo,k)} mn -e[A (yo+£Y)} mn . (2.14) 



where 



U(y ,k) = U(-£ 2 k+£Q,yo+£Y) 



(2.15) 



with fc = —id/dyo stands for the impurity potential in 
the N representation!!^ obtained from U(x, y) through 
substitution x — > — £ 2 k + IQ and y — > yo + £Y . [From 
now on we shall frequently suppress Landau-level indices 
and employ matrix notation; notation [• • -]„ m refers to 
some specific compon ents.] 

In the Hamiltonian ( |2.15 ) the motion of a Hall electron 
is decomposed into relative cyclotron motion described 
by matrix dynamics and cm. motion described by a one- 
dimensional field theory with coordinate yo and its conju- 
gate k. Physically xo = —£ 2 k and yo stand for the center 
coordinates of an orbiting electron. They are the gener- 
ators of magnetic translation Ji3 and obey [xo,yo] = i£ 2 - 
Note that the relative coordinates Y and Q obey a non- 
trivial commutation relation 



[Y ) Q]=i(l + £d yo Y), 



(2.16) 



which follows from the trivial relation [x,y] = 0. 

The presence of sample edges has effectively generated 
strong potentials ujv n {yo) that confine Hall electrons to 
finite width —L y /2 ^ yo ^ L y /2 in yo space. These con- 
fining potentials drive orbiting electrons and thus make 
electrons residing near the sample edges characteristically 
different from those in the sample bulk. Indeed, as seen 
clearly in the impurity-free (U — > 0) case where an elec- 
tron state {n,yo) acquires the group velocity 



v x = uj£ 2 v n '(yn) + E y (y )/B + 



(2.17) 



m,n— 



near the sample edges the electrons travel with velocity 
v x ss Lo£ 2 v n ' ~ ±ui£ much larger than the field- induced 
drift velocity E y /B. [Numerically v x dgc ~ ui£ ~ 10 7 cm/s 
for typical values to ~ 10 meV and £ ~ 100 A while 
^buik _ Ey j B _ 1Q 3 cm / s for f - \ Y/cm and B = 

5 T.] Classically these edge statesooiliJ ace-jvisualized as 
electrons hopping along the sample edgeJUJ They travel 
in opposite directions at opposite edges, and the currents 
they carry at the two edges combine to cancel in equilib- 
rium!] For distinction we refer to electron states in the 
sample bulk as bulk states. 



III. SUBBAND HAMILTONIANS 

In this section we derive Hamiltonians projected to 
each impurity-broadened Landau level. To start with 
let us note that a concise expression for the a;— averaged 
current of our interest, J x = (1/L X ) J dx J dyj x , is 
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Jx = — (l/Ac) Jdxdy&d A H% 



(3.1) 



where cUH = 9H /dA x . The use of this representation lies 
in the fact that the relevant current is calculated from the 
A x dependence of the eigenvalues of the Hamiltonian H . 

Our discussion below makes extensive use of unitary 
transformations. It will therefore be useful to consider 
how a unitary transformation G, which ma y in general 
depend on A x , affects the current operator (3J). With 
the transformation ^ — > ^ G — G^S and H r 
J x reads 



GHG- 



•4 = -{l/L x ) J dxdy (* G )t {d A H G - [d A GG~\ H G ]}M> C 

(3.2) 

Note that the commutator term has a vanishing expec- 
tation value (a\[d A G G^ 1 , H G ]|a) = for each eigenstate 
| a) of H G as long as the matrix element (a\d A G G~ x \a) 
exists. Thus, when G itself is a well-defined operator, 
no explicit account of the commutator term is needed in 
calculating the physical expectation value of the current 
J x , which is determined solely from the d A H part. 

As an example, the wave functions (x,y\N) play the 
role of a unitary transformation Gn x — (A|x) that con- 
nects the x = (x,y) and N = (n, yo) representations. 
The A x dependence of this G is characterized by Q: 

(NldAGG-'lN') =iel6{y -y' )Q nn ,(y ). (3.3) 

The current J x , written as J x oc J dyoa^Ymnan in the N 
representation, therefore differs from an equivalent repre- 
sentation J x oc J dyoaJ n (d A H mn )a n by a term cx [Q,H]. 

Let us take local disorder into account. Impurities 
scatter electrons and turn each Landau level into a broad- 
ened subband. When the disorder U(x, y) is weak com- 
pared with t he lev el gap ~ to, one can diagonalize the 
Hamiltonian ( 2.14 ) with respect to Landau- level labels 
by a unitary transformation of the form [W(yoj k)] mn : 

H sh (y , k) = W {lu iv{y ) + to/2 + U- eA } W~\ (3.4) 

where v{y~o) = diag[i/ n (y~o)]. In particular, when the edge 
states are ignored, one may adjust the operator-valued 
matrix [W(yo,k)] mn successively to each power of (U — 
eAo)/cu so that off-diagonal terms disappear from H sh , 
obtaining a subband Hamiltonian [-ff sb ] rm of the form 



transformation of the form W(yo,k). See Appendix B 
for details. Actually relevant to our discussion below is 
only the fact that W and H sh consist of yo and k. 

With level mixing now properly taken care of, each 
subband becomes independent: 

~ oc 

H = / dy bUvo, t) [H sh (y , k)] nn b n (y ,t), (3.6) 

where b n (y ,t) = T, m [ W (Vo, k )} (y ,t). Corre- 
spondingly we shall henceforth concentrate on a single 
subband, say, the nth one, and write 



H(y ,k) = [H sb (y ,k)} 



(3.7) 



for short. Let {\a}} denote the eigenstates of H(y ,k), 
which are taken to form an orthonormal set. The current 
J x the nth subband supports is calculated from the A x 
dependence of the spectrum: 



pf- 

4 n} = —rJ2( a \ d yoH(yo,k)\a), 



(3.8) 



where the sum ^ Q runs over all the occupied states a 
within the nth subband. 

The Hamiltonian H(y~o, k) as an operator formally acts 
on the nth subband spanned by the yo~diagonal basis 
{|yo); — 00 < yo < 00}, which forms a complete set of 
the eigenstates of H(y~o,k) with k — > 0. (For brevity 
suffix n for \yg) is suppressed.) Here associated with the 
basis vectors \yo) are the coordinate-space wave functions 
(x, y\W~ l \n, yo), which, owing to dominant admixture of 
the plane- wave mode (x,y\n,yo), are extended in x. 



IV. LOCALIZATION AND ITS CONSEQUENCES 

In the absence of impurities all electron states \n,yo) 
are plane waves extended in x, though localized in y with 
spread Ay ~ 0(£). Such spatial characteristics of elec- 
tron states are modified in the presence of disorder: Elec- 
trons, scattered repeatedly by impurities, tend to be con- 
fined in finite domains of space, and in two-dimensional 
Hall samples the maioxity of electron states are consid- 
ered to be localized.lJLl In this section we study conse- 
quences of localization by use of magnetic translation. 



oj(n+ 1/2) + U* n (y ,k) 
1 xr^ 1 



U nm (y ,k)U mn (y ,k) 



(3.5) 



where U£ n = [U(y ,k) - eA {y +£Y)] mn . 

Edge states are afflicted with inter-level degeneracy; 
i.e., the edge states of a given level get degenerate in 
energy with some electron states of the lower levels. Still 
it is possible to carry out diagonalization by a unitary 



A. Localized states v.s. extended states 

As preliminaries, note first that the subband Hamil- 
tonian H(yo,k) depends on A x only through yo = 
yo + e£ 2 A x , and try to translate each electron mode by 



■ A x in the yo direction: 



et, z A ^k 



'b„(yo,t), 



(4.1) 



3 



where k — —id/dyo. This makes the transformed Hamil- 
tonian e _4e£ A * k H(y , k)e let Axk = H(yo,k) independent 
of A x . Thus this transformation, if allowed to perform, 
would imply that there is no current. A resolution to this 
apparent puzzle turns out reveal ing; , as explained below. 

In connection with J x in Eq. ( p.2|) we have noted that 
a commutator of the form [O, H u ] has a vanishing ex- 
pectation value for each eigenstate \a) of H . Such ex- 
pectation values need not vanish in case (a|C|a) are ill- 
defined or singular. For example, consider the impurity- 
free Hamiltonian ho — u){y(yo) + 1/2} and its eigen- 
states \N). While the commutator i[k,h ] = ujv' n (y ) 
itself is a well-defined operator, its expectation values 
{N\[ik,h ]\N)/{N\N) = ujv' n (y ) fail to vanish because 
(N | k \N)/(N\N) ~ 0{L x /£ 2 ) are singular. Physically 
this singular behavior derives from the fact that the 
states \n, yo) stand for plane waves with uncertainty 
Ay ~ 2ir£ 2 /L x so that their x positions are indeter- 
minate, Ax ~ L x , in accordance with the uncertainty re- 
lation [xo,yo] — i^ 2 - In contrast, the relative coordinates 
Y mn (ijo) and Q m n{ya) are bounded operators of magni- 
tude of 0(1), so that (N\[Y,h ]\N) = (N\[Q,h ]\N) =0 
holds trivially. 

From this consideration emerges the following char- 
acterization of localized electron states. The localized 
states are states whose wave functions have finite spatial 
spread Ax <C L x and Ay <C L y . Actually, for the finite- 
width system of our present concern where we detect the 
current flowing in the x direction, it does not matter 
whether electron states are localized in y or not. Corre- 
spondingly, we here call localized states only those that 
have finite spatial spread Ax in x. That is, the notion 
of the cm. position xq = —£ 2 k (in the x direction) has a 
definite meaning for localized states. Let us rephrase this 
in more definite terms: For each localized state |A) the 
state A; | A) exists; i.e., matrix elements like (A'|fc|A) and 
(<r|fc|A) are well-defined. [For ease of notation we shall 
henceforth reserve A, A', • • • for localized states, cr, cr', • • • 
for extended states, and a, (3 for general states.] For 
example, a localized state |A) (of the n = level) due 
to a short-range impurity located at x = y = has a 
wave function of the form (yo\X) cx e~z y ol l , for which 
(yo\k\X) oc i(yo/£ 2 )e~i y o/ £2 is well-defined. In contrast, 
for extended states analogous states k\a) are ill-defined; 
in particular, (<j\k\a) ~ 0(L x /i 2 ) are singular. 

The solution to the puzzle is now clear: The magnetic 
translation e~ lel A " k is ill-defined for extended states 
and, in particular, the commutator term [k, H] has intro- 
duced a substantial modification of the current operator. 
The current J x thus can no longer be derived from the 
A x dependence of the transformed Hamiltonian. 



B. Immobility of localized states 

Since the transformation makes sense for localized 
states, one may still choose to translate them and ask 



what would happen. An immediate result is that the lo- 
calized states cease to support current, as shown below. 

For the proof we shall examine the A x dependence 
of the exact spectrum of H(y~o,k) by starting with the 
zeroth-order Hamiltonian H^(y ,k) = H(y ,k). Let 
{\a)} denote the eigenstates of H^°\ which are obtained 
from the eigenstates {\a)} of H by letting A x — > 0. 
We divide them into localized states { |A) } and ex- 
tended states {|cr)}, i.e., H^(y ,k) (y \a) = e a (y \a) 
for a = A, cr; obviously both eigenvalues e Q and eigen- 
functions (yo\ct) are independent of A x . We suppose that 
A x is very weak so that both |a) and the paired state \a) 
share the same extended or localized character. 

With the expansion of the field operators b n (yo,t) = 
J2 a (yo\ a )ba(t) in ter ms of the eigenfunctions of H^ ' , 
the Hamiltonian ( |3.6[ ) for the nth subband is rewritten 

as Hn = J2 a R b iHa/3bi3, where H at3 = (a\H(y ,k)\/3). 
We now translate only the localized modes b\ so that 



c\ = Twbx' with T = e 



(4.2) 



where T\y = (A|T|A'). Then the Hamiltonian reads 

H n = c\Tx\"H\"\">(T^ 1 )x"'X' c\' + b\R a(J - b a > 

+ 4 r AA' H x , a b a + &t H aX , (T-^x-xcx, (4.3) 

where Hxx' = (A|-ff (yo, k)\X'), etc. Summations over re- 
peated labels A,<7, ... are understood from now on. 

The Txx 1 is a unitary transformation within the space 
of localized states {|A)}. Actually, in our discussion be- 
low it suffices to fix T only to 0(A X ) and thus to take 
Tav =*av -iee 2 A x (\\k\\') + ---. 



Let us next rewrite the THT 1 term in Eq. (4.3) in 
terms of the yo-diagonal basis { \yo) } — { |A) } + { | cr) }: 

Tx\"Hx"X"'{T 1 )a"'A' = Tx yo H yoy > o (T 1 ) y > o x> + Cxx> , 

(4.4) 

CaA' = —Tx a HcrX"(T 1 )a"A' — TxX" Hx"a (T -1 )aX' 

-T X(T H aa ,(T-\, x ,, (4.5) 



where T Xyo = (X\T\y ), H, ; 



{Vo\H \y' ), etc. Here, 



through the introduction of the transformation 
Tx va = (X\T\y ) = (X\y ) - ie£ 2 A x (X\k\y ) + ■ ■ 



(4.6) 



we have let T act on the extended states { |cr) } as well. 
Note that the transformations involved in Eq. (;L4) such 
as Txa = — ie£ 2 A x (X\k\a) + ■■■ arc all well-defined to 
0(A X ); they do not involve any matrix elements of the 
kind (cr|fc|er') connecting extended states. 

As desired, the Tx yo Hy^^T^ 1 )^ term in Eq. (4.4) 
becomes independent of A x : 



{X^H^^T-^X 1 ) = (X\H(y (h k)\X'), 



(4.7) 



which equals ca^aa'- By virtue of Tx a = 0(A X ) and 
H a x = 0(A X ), the remaining term Cxx' is only of 0(A 2 ) 
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and no other terms in 7i n of Eq. (4.3) give rise to an 
0(A X ) energy shift for each localized state A. This 
proves that the localized states support no current, i.e., 
(\\d yo H(y o ,k)\\)=0. 



C. Edge states v.s. bulk states 

Nontrivial consequences of disorder all derive from the 
x dependence of the impurity potential U(x,y) or the k 
dependence of U(yo,k). Indeed, if one sets k — > in U, 
the Hamiltonian H(y~o, k) becomes local in yo, and all the 
eigenstates are plane waves extended in the x direction, 
leading to no localization. 

Physically this k dependence is tied to the impurity- 
induced drift of each electron in the y direction with ve- 
locity v y ~ £ 2 d x U . Electrons in the sample bulk, drifting 
slowly with velocity v x ulk ~ E y /B, are readily scattered 
by impurities. In contrast, the electrons at the sample 
edges, traveling faster with velocity v x dge ~ ui£, are much 
less sensitive to such impurity-induced drift. Accordingly 
the spread Ayo of the wave functions (yo\a) in yo space 
provides a natural measure to distinguish between the 
edge and bulk states: The bulk states acquire typical 
spread Ayo > £ whereas the edge states have smaller 
spread £ 2 /L x < Ayo < £. (Remember here that a plane- 
wave state | j/o) has tiny spread Ayo = 2ir£ 2 /L x in yo 
space while it has spread Ay ~ 0(f) in real space.) The 
spread Ay gets even smaller as an edge state travels 
faster, i.e., as it gets closer to the edge; this is readily 
verified by a numerical simulation. 

The edge states are thus close to plane-wave states, 
though not identical, and this feature provides a way to 
label them. Suppose that, as we let k — > in H(y , k), 
an edge state |a) is reduced to a plane- wave state |y§) of 
H(y ,0). We can use yg to label the edge states \a), 
i.e., set a — > yg and J2 a x I ^Vo- Then the edge- 
state spectrum e a = e(y§) depends on A x only through 
f/o = j/q + e£ 2 A x . [Note here that physical quantities de- 
pend on p x only through the combination of a covariant 
derivative yo = £ 2 (p x + eA x ); this z7q dependence of the 
edge-state spectrum is also directly verified by calculat- 
ing e a perturbatively from the spectrum of -ff (yo, 0).] We 
suppose that the edge-state spectrum e(y§) continuously 
rises (or falls) with yg, as in the impurity- free case. For 
extremely fast electrons the influence of disorder can be 
neglected so that e(y"o) — > H (y§, 0) for yg — > ±00. 

In general there is such one-to-one correspondence be- 
tween the eigenstates of H(yo,k) and those of H(yo,0) 
(because the electron number is conserved). Unlike the 
edge-state spectrum, however, the bulk-state spectrum is 
not a smooth function of j/q- 



D. Quantum Hall effect 

We are now ready to study the quantum Hall effect. 
Suppose we fill a subband with electrons by varying B 
or electron population gradually. Since the confining po- 
tential is higher near the sample edges, the electrons are 
accommodated in the sample bulk first. No net current 
flows while only localized states arise, and a lower Hall 
plateau develops. The current starts to flow as soon as 
extended states emerge. When the extended states in the 
bulk-state spectrum are filled up, the edge states begin 
to emerge. Figure 1 schematically shows the spectrum of 
one such well-filled subband when a Hall field is turned 
on. [The spectrum gets tilted in the presence of a poten- 
tial Ao(y).] There each electron state is labeled in terms 
of the related eigenstate of (yo, 0); the yo axis therefore 
refers to y§. The bulk-state spectrum, being discontin- 
uous in y§, is depicted as a broadened spectrum lying 
in the interval rf~ < yo < ?/ + . The edge-state spectrum 
e(yg) is drawn with solid curves, and is filled up to the 
energy e ± = e(y Q h ) at the two sample edges. 

Suppose now that the extended states in the bulk-state 
spectrum are filled up in Fig. 1. Then this subband sup- 
ports a fixed amount of current determined by the Hall 
voltage alone, as explained below. It is clear that one can 
regard the localized states as all occupied in calculating 
the current (since they carry no current). Our task there- 
fore is to calculate the current supported by the states 
filling the interval y^ < yo < Do- To this end let us 
first examine the case where the spectrum of filled states 
extends over a wider range y < yo < Vo + and take 
e = e(y(7~) > and e ++ = e(y f+ ) > e + so that 



the edge states yo < Vq 



and yo ^ Vo + > traveling ex- 



tremely fast, are well described by the plane- wave states 
of H(ijo,0). The vacant edge states with yo < y and 
yo > y^ + are naturally orthogonal to the occupied states. 

Note that this spectrum of occupied states derives from 
the plane-wave states |yo) of H(yo,Q) over the same in- 
terval yo~ < yo < Uq and, in view of the com pleteness 



of these states, rewrite the sum J2 a m Eq- (3.£)-as a sum 
over the plane- wave states |yo), with the resultJi3 



e£ 2 f v ° + 



jwaae = I d y> Q dy , {y > \H(yo, k)\y< ) (4.8) 

'Vo 

-(e/2n) (e ++ -e-), 



(4.9) 



where the last line is reached by noting that H(yo,k) is 
reduced to the plane-wave spectrum H(yo, 0) for y ~ 
y^ and yo ~ 2/o" + i we have set A x = and used the 
normalization (yo|yo) = 5(£ 2 p x = 0) = L x /(2n£ 2 ). 

The edge states occupying the intervals y^ - < yo < J/o~ 
and y^ < yo < y^ + are not necessarily plane- wave states, 
but the current they carry oc Jdyod yo e(yo) is exactly 
calculated from the spectrum: 



aj: 



-(e/27r)(e ++ -e++e- - e~ ). (4.10) 
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Consequently the current carried by the states filling the 
range y$ < yo < y$ of our concern turns out to be 
determined by the Hall voltage Vh = (e + — e~)/e alone: 



4"> = -(e 2 /2n)Vn. 



(4.11) 



This shows that each filled subband gives rise to a sin- 
gle unit —e 2 /2irh — —e 2 /h of the Hall conductance; the 
emerging Hall plateaus become visible when a significant 
portion of el ectro ns gets localized in the sample interior. 

Equation (4.11), when combined with the immobility 
of the localized states, offers a general but rather indirect 
proof of the current compensation theorem. In the next 
section we present a more direct proof, based on a linear- 
response treatment, which demonstrates an interplay of 
the localized states and extended states explicitly. 



V. LINEAR RESPONSE 

In this section we examine what would happen to the 
subband described by [H sh (y , k)] nn when the Hall po- 
tential Ao(y) is varied by a small amount 8Av{y). The 
Hamiltonian we consider now is 

H n ™(y , k) = H sh (y , k) + V(y , k), (5.1) 
V(y , k) = -eW(y , k) SA (y +eY) W(y , k)~\ (5.2) 

The H sh is diagonal in (m,n). The potential varia- 
tion [V(j/ , k)] mn = S mn SA (y ) H in general has off- 
diagonal pieces which cause transitions to different sub- 
bands. Fortunately, it turns out unnecessary to take ex- 
plicit account of such level mixing, as argued below. 

The current flowing in response to 8 An is calculated 
from the energy shift to 0(V) of each eigenstate \a) of 
[H sh ] nn . The [H sh ] nn in general has degenerate eigenval- 
ues as well as nondegenerate ones. For a state \a) with a 
nondegenerate eigenvalue the 0(V) energy shift is given 
by (a\V(yo,k)\a). For a degenerate eigenvalue one has 
to treat all the eigenstates belonging to it on an equal 
footing. Let D = {\a)} denote one such set of degenerate 
states. The states in D get mixed by the perturbation V, 
and one can always form, by solving a secular equation, 
a new basis D = {\a)} such that V becomes diagonal 
in it. This change of bases D — {\a)} — ► D = {\a)} is 
a unitary transformation and, when D represents inter- 
level degeneracy, causes inter-level mixing. As is familiar 
from degenerate perturbation theory, such \a) are a cor- 
rect zeroth-order choice of basis vectors, and the 0(V) 
energy shifts of the states |5) are given by (a\V(y~o, k)\a). 

It is practically impossible to isolate the current com- 
ponent carried by each of the modes a in D that are still 
almost degenerate in energy. It only makes sense to treat 
each degeneracy set D as a whole. The effect of the mix- 
ing {|a)} — > then apparently disappears from the 
sum of the energy shifts: 



(5.3) 



aeD 



aeD 



This implies that no explicit account of level mixing is 
needed in calculating the Hall current; V does cause 
inter-subband mixing but the total Hall current, or the 
Hall conductance, is insensitive to it. 

In view of this effective independence of each subband, 
we shall henceforth concentrate on a single subband, the 
nth one, and write H ncvj (y ,k) = [H new (y , k)] nn and 
V(y~o, k) = [V(yo, k)] nn for short so that 



H n ™(y ,k)=H(y ,k) + V(y ,k). 



(5.4) 



Let us choose anew the eigenstates |a) (with energy 
€ a ) of H so that they evolve into the eigenstates \a)) 
of H new smoothly as V is turned on. The current 



Jx"^ = jj™^ [Ao+<5Ao] supported by the subband i n the 
presence of the potential A + SAo is given by Eq. (|3.8| ) 
with H — > H new and \a) — > \a)). Expressing \aj) fit-terms 
of | a) gives rise to the linear-response expressionJ13 



L.j; 



Y\{a\d yo H n ™\a) + 



Paf3 



Pap = (e Q - ep) {(a\V\P)(p\d yo H\a) + (a ^ /?)} 
= (a\[H,V}\f3)(p\d V0 H\a) - (a ~ (3), 



(5.5) 



(5.6) 



where the sum ^ Q runs over all the occupied states \a) 
and J2g over au possible intermediate states \j3) not de- 
generate in energy with \a) within the same subband. 
The p a p, which derive from electron scattering by the 
potential 8A a , a re antisymmetric in (a, /3). _ 
Equation (5.5) is a generalization of the Kubo formulatl 
so as to include electron edge states and a general poten- 
tial Aq + 6Aq . The original formula is recovered for elec- 
tron bulk states in a strong magnetic field (W — > 1) and 
a uniform field E y ; in this case, [H, V] — > ie£ 2 E y d x [U] nn , 



d yo H 



d y [U] nn , and d yo H™™ eE y . 



Let us again explore consequences drawn by trans- 
lating the localized states, with the Hamiltonian 
H DCW (y , k) = i? (0) (yo, k)+F this time, where 

F(y ,k) = V(y ,k) + e£ 2 A x d yo H^(y ,k) + ■ ■ ■ . (5.7) 

As before, some care is needed to handle degeneracy in- 
herent to H 1 -^ = H(yo,k). We choose its eigenstates 
{\a}} so that (a\F\@) becomes a diagonal matrix within 
each set of degenerate states belonging to the same eigen- 
value. Each state \a) thereby evolves into the correspond- 
ing eigenstate \aj) of H ncw as A x and SAq are turned on. 
We suppose that during the evolution \a) — * |a) — * |a)) 
each mode a remains either localized or extended. 

We go through the procedure of Sec. IV again: Expand 
the field operators b n (yo-, t) in terms of the eigenfunctions 



G 



of H W and translate only the localized modes b\, as in 



Eq. ([L2j). Equations fl4.3|) through ( |4.7| ) remain intact, 
except for obvious re place ment i? — > H ncw . This time, 
however, Caa' in Eq. ( |4.5D yields an 0(^4a;) energy shift 
of the form for state A: 



Caa = ietA,. 



V Xa h 



+ 0(Al), (5. 



where k\ a = (\\k\a) and V\ a = (\\V\a). The sum Y^' a is 
taken over all possible extended states \a) not degenerate 
with |A); this is because (H nev/ ) a \ = for states |<r) and 
| A) belonging to the same eigenvalue 



At the same time, the last two terms in H. n of Eq. (4.3) 
combine to cause the A — > a — > A virtual transitions that 
give rise to an 0(A X ) energy shift of the form: 



Ae A = ^'(^ ncw )A.(i? now ).A/(eA - e c 



-ie£ 2 A. 



E' K 



(5.9) 



where use has been made of the relation (H ncw ) a \ = 
V aX + ie£ 2 A x k a \(e x - e a ) + OjM). This Ae A cancels the 
0(A X ) terms in Caa of Eq. ( |5.8| ). This proves again that 
the localized states support no current. 

For an e xten ded state a the b\ r {H ncw ) 00 ib i term in 
Tin of Eq. ( |4.3| ) gives rise to an 0(A X ) energy shift of the 
form (dAH ncw ) aa -, which is to be combined with another 
0(A X ) energy shift coming from the a — > {/?} — > a virtual 
transitions. Consequently the current J x 



is written as 



Pep 







(e 



(5.10) 



where p a p is given by the same expression as E q. (p.q ) 
with A x — > 0. [One is free to set A x — > in Eq. ( |5.6[ ), in 
which case if — > flw and |a) — ► |a).] Here the sum ^2 a 
runs over all the occupied extended states a. 

The two formulas ([5^) and ( 5.1 0| ) are essentially the 



same, except that the immobility of localized states is 
already built in the latter. Actually, with the characteri- 
zation of localized states now at hand, we can verify their 
equivalence directly: Simply substitute the relation 



(f3\d yo H\\)=i(e x -e (i )(p\k\X), 



(5.11) 



valid for a localized state A, into Eq. and rewrite 

the contribution of the A — > {/?}—» A transitions as 



P\(3 



-i<A|[*,V]|A>, 



(5.12) 



which indeed cancels the (A|<9 yt)J ff new |A) = i{\\[k, V]\X) 
term in Eq. (5.5). A remark regarding this proof is in or- 
der here: The immobility of the localized state |A) can be 



concluded from i(\\[k, H]\X) — or Eq. (5.11) directly. 
In our approach, however, the vanishing of such expecta- 
tion values is derived from the response of the localized 
states to magnetic translation. This situation is quite 
similar to a statement of Noether's theorem that the ex- 
istence of conserved quantities is directly read from the 
invariance of the Lagrangian without explicit use of the 
equations of motion. A symmetry principle underlying 
our approach will be clarified in Sec. VI. 

In view of the antisymmetry p&\ — —p\ a , the a — > A — > 
a and A — ► a — * A virtual transitions contribute to J7af™^ 
in equal magnitude but in opposite sign; physically this 
is a manifestation of Fermi statistics Lj To reveal their 
interplay let us again consider the current carried by the 
states filling the interval y^^ < Uq < y^ + . One may 
now take the sums and J2b m Eq. (5.1C) simply over 



these states (since the vacant states are plane- wave states 
orthogonal to them). Let us write = X^'+Xa- 
Then the effects of a — » a' — > a transitions combine to 
vanish. On the other hand, the a — > {A} — > a transitions, 
when summed over all possible extended states <r, yield 



EE 



= J2(Md yo H™ w \\). (5.13) 



which demonstrates how the extended states combine to 
recover the loss due to the localized states. The current 
Jx^ of our concern is now given by the drift term cx 
12a( a \dyoH new \ a )' thus leading to essentially the same 
conclusion as Eq. (19). N ote fi nally that Eq. ( 5.13 ) can 
also be derived from Eq. (5.12); thus the immobility of 
localized states and current compensation are c orrelated. 

For completeness we remark that Eq. flj.lO ) can also 
be derived through a current operator directly; see Ap- 
pendix C for details. 



VI. CONCLUDING REMARKS 

In this paper we have examined some general conse- 
quences of localization in the QHE. In particular, with 
a simple characterization of localized electron states as 
those with a definite notion of cm. position, we have 
shown that (i) the immobility of the localized states 
and (ii) exact current compensation by the surviving ex- 
tended states follow from the response of the Hall sys- 
tem to magnetic translation of the localized states alone. 
Our consideration relies heavily on a field-theoretic de- 
scription of Hall electrons in (n, j/o) space rather than in 
real (x, y) space. We have noted that the electron edge 
states and bulk states are best distinguished in yo space, 
especially in terms of the spread of the wave functions in 
yo space. 

It will be important to clarify the symmetry principle 
underlying our use of magnetic translation T = eT %el A * k 
in Sees. IV and V. A clue is to note that a special gauge 
transformation ^ n = with fl = e ieA * x acts like T. 
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Indeed j_£2 formally removes A x from the Hamiltonian H 
in Eq. H n = ftHfT 1 equals H with A x -> 0. Like T, 

this gauge transformation affects extended electron states 
substantially [unlessd A x — (27r/L a; )xintegcrs], and it 
is clear by now that one cannot conclude from the A x 
independence of H alone that there is no current. To 
reveal the relation between T and O let us consider how 
this Q acts on the electron operators b n (yo,t), which are 
projections of iff to each Landau subband. Recall that 
b = Wa — WG^'m matrix form, where the unitary 
transformation Gjv x = (A|x) takes *ff(x, y,t) to a n (y ,t) 
and W(yo,k) projects a m (yo,t) to each exact subband. 
Analogously, iff is projected to each subband so that 
b n = W G * n , where W G stands for W G with A x -> 
0. Therefore the desired gauge transformation law is 



b n = WvGvVLG^W^b, 

= W GoG^e^^-^+^W- 1 b. 

t>2 a n^ni 42 
V 



(6.1) 



Noting that = l-iel 2 A x Q+0{A 2 x ), which follows 

from Eq. Q, and that e ^£ 2 A x k w -i, 
one finds 



= W, 



0(Al) 



(6.2) 



(The a n (yo,t) also obey the same transformation law.) 
This shows that the magnetic translation T = e~ lel A * k 
is nothing but the gauge transformation f2 = e leAa:X pro- 
jected to each Landau subband. This connection holds 
to 0(A X ), i.e., to the order relevant to our consideration. 
Consequently the immobility of localized states and cur- 
rent compensation can be formulated upon the assump- 
tion that localized electron states remain essentially un- 
changed under the gauge transformation f2; they are thus 
consequences of gauge invariance. Actually the magnetic 
translation T is regarded as a^Jpansformation of a still 
larger (Woo-) gauge symmetry.tBE3 

Laughlind gave a simple and general explanation for 
the QHE on the basis, of localization and gauge invari- 
ance. Aoki and AndoB, and Prangeo also noted the im- 
portance of localization and identified current compen- 
sation as a key mechanism for the QHE. In a sense our 
approach unites these two approaches and promotes cur- 
rent compensation to a general phenomenon, resting on 
the principle of gauge invariance and valid in the presence 
of level mixing and edge states. 

The Hall potential Ao(y) has so far been treated as 
an external potential, not necessarily weak. How&wer, it 
could equally be a potential induced intemallyc3~c3 as 
a result of charge redistribution caused by an injected 
current. In reality the current distribution and poten- 
tial distribuJiojoEil across a sample are determined self- 
consistentlyE3c3 and Ao(y) can be regarded as such a 
self-consistent potential. In this sense, while no explicit 
account of the Coulomb interaction has so far been made, 
our consideration actually takes it into account within 
the Hartree approximation. [Remember that our consid- 
eration refers to no explicit form of A$, which could even 
be a general potential depending on both x and y] 



The current compensation theorem has an implica- 
tionlij on currn»t,distributions in Hall bars. It is gener- 
ally consideredtTO that electron states remain extended 
at the center of each bulk-state spectrum; the current 
these states carry flows through the sample bulk. The 
presence of sample edges offers one more possibility: It 
is clear intuitively that, of the electron bulk states, those 
residing near the "edges of the bulk" have a better chance 
of staying extended than those far in the sample interior; 
the key factor here is the difference in topology between 
the edge and interior. This suggests that a considerable 
portion of the current would flow along the "bulk edges" . 
The edge current here is a Hall current expelled from the 
localization-dominated bulk rather than the edge current 
carried by the fast-traveling edge states. These two kinds 
of edge current differ in velocity, direction of flow, and 
channel width. A numerical experiment is now under 
way to verify such an idea of the bulk-edge Hall current; 
details will be reported elsewhere. 
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APPENDIX A: MATRIX ELEMENTS 

In this appendix we derive some formulas relating the 
matrix elements Y mn = (y - y~o)mn/£,Qmn = -I (k) mn , 
etc., to the spectra v n (yo)- Let us recall that <f> n {y; yo) are 
the eigenf unctions of the Hamiltonian Hq = (oj/2) [£ 2 Py + 
(l/£ 2 )(y — yo) 2 ] with eigenvalues u){y n + 1/2) and the 
boundary condition 4> n (y = ±L y /2) — 0. Consider first 
the commutator [k, Hq] = i(u/£ 2 )(y — yo) and evaluate 
its matrix elements, with the result 



Y 

- 1 n. 



-t"n(V0) 



i/(v m -v n ) (m^n). 



(Al) 
(A2) 



Similarly, evaluating the matrix elements of the com- 
mutator [p y ,Ho] — —i(u>/£ 2 )(y — yo) with particular at- 
tention to integrations by parts yields 



i(v m - V n )(p y ) mn + (l/l) Y mn = G mn - 



(A3) 



where G^ nn refer to the gradients of the wave functions 
4>n{y',yo) at the boundary y = ±L y /2: 



y=±L y /2- 



(A4) 



In view of Eqs. ( |A1[) and (|A3|), these gradients are related 
to v' n through G^ n > 0: 



v'nivo) = Gt n {yo) - G nn (y ), 



(A5) 



which shows that v' n > for yo ~ +L y /2 while v' n < 
for y ~ -L y /2. 

Finally the commutator [y — yo, Ho] leads to 

(Py)mn = (i/t)(Vm-Vn)Y mn , (A6) 

which is combined with Eq. ( |A3| ) to give the expression 
Y mn = o mn l{y' m v' n fl' 1 j[[v m - v n f - 1] (A7) 

for yo ~ ±L y /2 (where v m — v n ^ ±1 in general). Now 
Qmn and (p y } m n also are known explicitly. Here the over- 
all sign cr mn = sga.{d y 4> m } 8gn{dy<t>„} sgn{y } refers to 
the signs of d y <fi n at the relevant boundary y = ±L y /2 
and yo ~ ±L y /2. The standar d cho ice of the bulk-state 
wave functions leading to Eq. ( 2.12 ) gives a mn = 1 for 
yo ~ +L y /2 and a mn = (-l) 1+ "^for y ~ -L y /2. Ac- 
tually a mn maintains these values because it is a topolog- 
ical invariant in each separate edge region yo ~ ±L y /2, 
where d y <j) n {y = ±L y /2) are nonvanishing, as seen from 
Eq.fM). 



APPENDIX B: SUBBAND HAMILTONIANS 

In this appendix we outline the de riva tion of the sub- 
band Hamiltonian H sh (y , k) in Eq. The Hamilto- 
nian H(yo, k) = uj(v + l/2) + U- eAo in Eq. ( |2.14j ) acts 
on a whole set of Landau levels spanned by the bases 



{|n, yo); n — 0, 1, 2, • ■ • , — oo < yo < oo}, and is brought 
to a diagonal form by a suitable unitary transformation 
acting on this whole space. Inter-level mixing among de- 
generate states is thereby properly taken care of. 

Suppose we have determined all the eigenstates of 
H{yo,k) via such diagonalization. Let {\a)} denote 
the whole set of eigenstates forming the nth sub- 
band. The associated multi-component eigenfunctions 
(m,yo\a) (with m = 0, 1,2, ■■■) are functions of yo = 
yo + ei 2 A x . We assume that they form a complete set 
in yo space (spanned by a complete y "diagonal basis 
{\yo);—oo < yo < oo}); that is, as in the impurity-free 
case, each subband is taken to be complete with respect 
to cm. motion of an electron. 

From these (known) eigenfunctions one can construct 
H sh (yo, k) in the following way: In the {\a)} basis the co- 
ordinate operator yo is represented by a matrix (a|?/o|a')' 
which may be diagonalized to give a complete set of wave 
functions (yo\ct) = f a (yo) in the {|j/o)} basis. In this 
{|j/o)} basis the Hamiltonian for the nth subband is ex- 
pressed, in terms of eigenvalues e a , as a matrix: 



(y'o 



[H sh U\y'o h . 



= E e ^o)/a(yo), (Bl) 



which is a function of y' = y' + e£ 2 A x and y'o = 
y'o + e£ 2 A x . This matrix is readily cast in an op- 
erator form. Indeed, with an expansion of the form 
($))/"($)) = EijCij • My'o) <t>j(y'o) in terms of 
the eigenfunctions 4>i(yo) (i = 0, 1, 2, • ■ •) of the harmonic 
oscillator formed of d — (yo/£ + ilk)/y2 and d) with 
[d, dft] = 1, one obtains the expression 



[H sb (y ,k)} 7 



-d T d 



(B2) 



where normal ordering such that : dd^ : = d)d is un- 
derstood. (For a check it is enlightening to verify that 
the choice Cy = i Sij recovers the number operator 
d^d.) Likewise one can derive the operator expression 
for W(y~o, k) from the matrix elements: 

(m,y \W- 1 \n,y ) = J2(™>yo\a)fM)- (B3) 



APPENDIX C: CURRENT OPERATORS 

We have passed from a m (yo, t) to b n (yo,t) via a unitary 
transformation [W(yo, k)] nrn , which, being a finite func- 
tional of the potential U — eAo, is a well-defined operator. 
One can therefore adopt 



J x ' = -{l/L x )bl (d A H) af3 bp 



(CI) 



as a cu rrent operator physically equivalent to J x in 
Eq. (O); (d A H) a p = {a\d A H\(3). 



<) 



Let us arrange H\\> , H\ a > , H a y , H ac7 > in the form of 
a 2 x 2 matrix H mat acting on (i>v> and also k X y 

in an analogous matrix form K. Then the commutator 
[K, jj mat ] , written in the form 



H\X" ky y] b\i 
+b\k X yHy a b <y -blH aX k X yby, (C2) 



has a vanishing expectation value for each eigenstate 
of H. One may thus add it to the current J x with- 
out mo dify ing the physical content. Actually the trans- 
lation (4.2) takes us to the redefined current J x cd = 
J x ' + (eP I L x )AH n . It is now a simple exercise to ver- 
ify the current compensation theorem directly with J x ed . 
[Set H -» H ncw in J x cd to get to Eq. (03).] 
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FIG. 1. Energy spectrum of an impurity- broadened Lan- 
dau subband. The bulk-state spectrum lies in the interval 
f\~ < Vo < rj + . The edge-state spectrum is drawn with solid 
curves. 
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